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Abstract 
Linear transient growth of perturbation energy is studied in co-rotating Taylor-Couette flow of a Bingham fluid. The effects of 
yield stress on transient growth and structure of the optimal perturbation are mainly considered. For the wide gap case, the peak 
of the amplitude of optimal perturbation is shifted towards the inner cylinder with increasing yield stress. The anti-lift-up 
mechanism found in a range of inner cylinder Reynolds number ଵ is substituted by the classical lift-up view as strong yield 
stress is imposed. While for the narrow gap case, the peak value of the optimal perturbation is shifted towards the outer cylinder 
as the yield stress is increased, and the lift-up mechanism always exists. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
Keywords: Transient growth; optimal perturbation; Taylor-Couette flow; anti-lift-up mechanism 
1. Introduction 
The understanding of turbulent phenomena in Taylor-Couette flow has received considerable recent attention 
since sudden transition to spiral turbulence in the normal-mode-stable parameter region was reported by many 
authors[1,2]. This subcritical transition cannot be explained by classical eigenvalue analysis and may be associated 
with substantial transient growth, which is caused by the nonnormality of the linearized operator. Hristova et al.[3,4] 
and Meseguer[5] have obtained transient growth characteristics in Taylor-Couette flow for counter-rotation 
scenarios and showed that the lift-up mechanism is responsible for this short-term growth of axisymmetric 
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perturbation in these situations. 
In any prior work, the non-Newtonian Bingham case has not been found to be investigated by using nonnormality 
analysis. Landry[6] performed a linear stability analysis of Taylor-Couette flow of a Bingham fluid subjected to 
axisymmetric disturbances, which reveals the non-monotonicity of the critical inner cylinder Reynolds number, for 
wide gap co-rotating cylinders as the yield stress is increased. It is the only situation that we know of where a yield 
stress fluid flow is less stable than the corresponding Newtonian fluid flow. With this in mind, it is naturally 
desirable to study the effects of yield stress on the transient growth characteristics in the co-rotating cylinder regime 
for the purpose of gaining further insight into the stability of Taylor-Couette flow of a Bingham fluid. 
In this brief report, we investigate the effects of yield stress on the transient growth level and on the optimal 
perturbation, i.e. the initial conditions that provide the maximal energy growth, which is confirmed to be affected by 
yield stress evidently in the case of plane Bingham-Poiseuille flow[7]. Two radius ratios  Ʉ ൌ ଵכȀଶכ (inner cylinder 
radius to outer cylinder radius) of 0.5 and 0.99 are chosen to represent the wide gap case and the narrow gap case, 
respectively. 
 
Nomenclature 
ɏ density 
Ɋ୮ plastic viscosity 
ɒ୷ yield stress 
ଵכ          dimensional radius of inner cylinder 
ଶכ          dimensional radius of outer cylinder 
ȳଵ         angular velocity of inner cylinder 
ȳଶ         angular velocity of outer cylinder 
Ʉradius ratio 
           Bingham number 
           axial wavenumber 
 
2. Numerical method 
We consider the flow of an incompressible Bingham fluid with a yield stress ɒ୷ , a plastic viscosity Ɋ୮and 
densityɏbetween two concentric rotating cylinders whose angular velocities are ȳଵ and ȳଶ, respectively. Scaling 
space, velocity, and the deviatoric stress with  ൌ ଶכ െ ଵכ , ȳଵଵכ  and Ɋ୮ȳଵଵכȀ . The basic velocity profile 
܃ ൌ ሺǡ ǡሻin directions ሺǡ Ʌǡ ሻ is found to be[8] 
 ൌ Ͳ,       ሺሻ ൌ ୖୣమሺଵି஗ሻୖୣభ  ൅
த౟஗మ୰
ଶሺଵି஗ሻమ ቀ
ଵ
ୖ౥మ
െ ଵ୰మቁ ൅  ቀ
ୖ౥
୰ ቁ ሺɒ୧ሻ,      ൌ Ͳ,      ଵ ൑  ൑ ୭,     (1) 
The Bingham number B above represents a ratio of yield stress to viscous stress, defined as: 
                             ൌ ɒ୷ȀሺɊ୮ȳଵଵכሻ,.                                                                            (2) 
୭ ൌ ሼɄȀሺͳ െ Ʉሻඥȁɒ୧ȁȀǡ ͳȀሺͳ െ Ʉሻሽ is the outer boundary of the yielded region, ଵ ൌ ɄȀሺͳ െ Ʉሻ  is the 
dimensionless inner radius and ɒ୧  the inner wall shear stress. The parameters ଵ ൌ ɏȳଵଵכȀɊ୮  and ଵ ൌ
ɏȳଶଶכȀɊ୮   are the inner and outer cylinder Reynolds number, respectively. The axisymmetric perturbation is 
Fourier-decomposed along :  
ሺᇱǡ ᇱǡ ᇱǡ ᇱሻ ൌ ሺǡ ǡ ǡ ሻ୧୩୸,                                                                  (3) 
where is the axial wavenumber. The evolution equation in terms of the complex amplitudes ܝ ൌ ሺǡ ǡ ሻ is 
spatially discretized by a standard Chebyshev spectral collocation method. The boundary conditions are that the 
perturbation decays to zero at the boundaries and that the continuity of stress should hold at the perturbed yield 
surface. 
The energy norm of a disturbance is 
ሺܝሻ ൌ ȁȁܝȁȁ୉ଶ ൌ ଵଶ ׬ ሺȁȁଶ ൅ ȁȁଶ ൅ ȁȁଶሻ
ୖ౥
ୖభ ,                                                    (4) 
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which is the measure we shall use to test whether a disturbance is growing or decaying. The maximal energy growth 

ሺሻ for ܝ is 

ሺሻ ൌ  ȁȁܝሺ୲ሻȁȁుమȁȁܝሺ଴ሻȁȁుమ ,                                                                            (5) 
which is calculated using the methodology described by Schmid and Henningson [9]. The optimal energy growth in 
time is defined as 
୭୮୲ ൌ 
൫୭୮୲൯ ൌ ୲ஹ଴
ሺሻ , where ୭୮୲  is the corresponding optimal time. The optimal 
perturbation, denoted by ܝሺͲሻ, is the normalized initial condition which achieves the maximum (sup) for  ൌ ୭୮୲. 
The maximum of 
୭୮୲ for all  is 
୫ୟ୶ሺǡ ଵሻ ൌ ୩
୭୮୲ሺǡ ǡ ଵሻ. 
In our work, a wide range of B is investigated, varying from 0 to 10. Further, the study is restricted to the co-
rotating cylinder regime and the outer cylinder Reynolds number is fixed as ଶ ൌ ͳͲͲͲ. 
3. Results and discussion 
We now present the detailed results of our growth calculations for the axisymmetric Taylor-Couette flow of a 
Bingham fluid. Fig. 1 shows the effect of the yield stress on the relative amplitude of the azimuthal and radial 
direction of the optimal perturbation (the modulus) 
ȁȁȀȁȁ୫ୟ୶,  ȁȁȀȁȁ୫ୟ୶ 
for wide gap case with two different values of ଵ. The choice of  corresponds to the maximum 
୫ୟ୶ at  ൌ ͻǤͷ. 
With larger ଵ, the single peak of the azimuthal component of perturbed velocity is observed to be shifted toward 
the inner cylinder with increasing , whether transient growth magnitude is increasing or decreasing. The situation 
is different for the lower value of ଵ, at which the larger peak is also shifted toward the inner cylinder by strong 
yield stress and the lower one is dissipated gradually. Moreover, the radial locations of the peak value change 
apparently for the amplitude of the radial velocity perturbation with increasing , as shown in figures 1(b) and 1(d). 
For the narrow gap case, both the azimuthal and radial components of the optimal perturbation are of the single-
peak shape (Fig. 2). As shown in Fig. 2(a), the peak value of the perturbed azimuthal velocity is shifted toward the 
outer cylinder, depending upon . Further, the amplitudes of the perturbed velocities in the meridian plane are larger 
than that of the perturbed azimuthal velocity (Fig. 2(b)), whereas the opposite is true at larger ଵ in the wide gap 
case. This implies the optimal perturbations may have different energy evolution ways for the two cases. 
 
 
 
Fig. 1. The amplitudes of the azimuthal (a,c) and radial (b,d) direction of the optimal perturbation with  η ൌ ͲǤͷat  ଵ ൌ ͳͷͳͲǡ  ൌ ͳͲǤ͵Ͷ (a,b) 
and  ଵ ൌ ͹Ͳǡ  ൌ ͷǤͲͶ (c,d). 
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Fig. 2. The amplitude of the azimuthal (a) and radial (b) direction of the optimal perturbation withη ൌ ͲǤͻͻ, ଵ ൌ ͵ͶͲ, and  ൌ ʹǤͺʹ. 
 
To understand this behavior, let us examine the evolution in time of the energies in the meridional components 
and in the azimuthal component 
୰୸ ൌ ଵଶ ׬ ሺȁȁଶ ൅ ȁȁଶሻ
ୖ౥
ୖభ ,          ஘ ൌ
ଵ
ଶ ׬ ȁȁଶ
ୖ౥
ୖభ  
starting from the optimal input ܝሺͲሻ. For the wide gap case with  ൌ Ͳ, the energy in the azimuthal direction of the 
flow, which is dominant initially, is transferred to the meridional components by the anti-lift-up mechanism, as 
shown in Fig. 3(a). This phenomenon is usually linked to the generation of the vortex rings, an intrinsic feature of 
vortices. A similar trend is found in the energy growth curves with  ൌ ͲǤʹͷ. Nevertheless, while strong yield stress 
fluid is considered ( ൌ ͻǤͳ), the situation is quite different. Initially, the flow field is still dominated by the 
azimuthal velocity (஘ ب ୰୸). As time increases, ୰୸ decreases rapidly, going with increasing ஘. Subsequently, 
both them decay as predicted by linear stability analysis. These results imply that for the wide gap case, when yield 
stress is strong enough, the lift-up mechanism is responsible for transient growth instead of the anti-lift-up scenario. 
For the narrow gap case, ୰୸ and ஘ curves are given in Fig. 3(b) with three values of . Obviously, the magnitude 
of yield stress does not change the fact that transient growth is caused due to the lift-up effect. In addition, it is clear 
that both ୰୸  and ஘  are greatly reduced by strong yield stress, which brings positive dissipation to the kinetic 
energy growth of the perturbations. 
 
 
Fig. 3. Time evolution of the energies in the meridional components ୰୸ and in the azimuthal component ஘ of the optimal perturbation. (a) 
η ൌ ͲǤͷ, ଵ ൌ ͳͷͳͲ, and  ൌ ͳͲǤ͵Ͷ. (b) η ൌ ͲǤͻͻ, ଵ ൌ ͵ͶͲ, and  ൌ ʹǤͺʹ. 
4. Conclusion 
In summary, the transient growth characteristics of the axisymmetric Taylor–Couette flow of a Bingham fluid has 
been investigated for two values ofɄ, i.e., the wide gap case withɄ ൌ ͲǤͷand the narrow gap case withɄ ൌ ͲǤͻͻ. 
We find the effects of yield stress on the energy transient growth and flow structure of the optimal perturbations are 
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quite different for the two cases. For the wide gap case, the peak of the amplitude of optimal perturbation is shifted 
towards the inner cylinder with increasing yield stress. Furthermore, the anti-lift-up mechanism along with large ଵ  
cannot be observed when strong yield stress is imposed. However, for the narrow gap case, the maximum value of 
the perturbed azimuthal velocity of the optimal perturbation is shifted toward the outer cylinder, and the lift-up 
mechanism is always acceptable to explain the dynamic process of transient growth, no matter how strong yield 
stress is considered. 
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